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In thiswork, a similarity equation of themomentumboundary layer is studied for amoving
flat plate with mass transfer in a stationary fluid. The solution is applicable to the practical
problem of a shrinking sheet with a constant sheet velocity. Theoretical estimation of the
solution domain is obtained. It is shown that the solution only exists with mass suction
at the wall surface. The equation with the associated boundary conditions is solved using
numerical techniques. Greatly different from the continuously stretching surface problem
and the Blasius problem with a free stream, quite complicated behavior is observed in
the results. It is seen that there are three different solution zones divided by two critical
mass transfer parameters, f01 ≈ 1.7028 and f02 ≈ 1.7324. When f0 < f01, there is no
solution for this problem, multiple solutions for f01 < f0 ≤ f02, and one solution when
(f0 = f01) ∪ (f0 > f02). There is a terminating point for the solution domain and the
terminating point corresponds to a special algebraically decaying solution for the current
problem. The current results provide anewsolution branchof theBlasius equation,which is
greatly different from the previous study and provide more insight into the understanding
of the Blasius equation.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
Whendealingwith the boundary layer flowof a free streamover a fixed plate, Blasius derived the famous Blasius equation
using a similarity transform technique [1]. The Blasius equation reads,
f ′′′(η)+ f (η)f ′′(η) = 0, (1)
where f is the non-dimensional stream function f = Ψ√
2U∞νx , Ψ is the stream function, U∞ is the free stream fluid velocity,
ν is the fluid kinematic viscosity, and η is the similarity variable defined as η = y
√
U∞
2νx , where x and y are the two Cartesian
coordinates with x pointing along the free stream direction and y perpendicular to x. The general boundary conditions for
this equation can be expressed as
f (0) = a, (2a)
f ′(0) = b, (2b)
f ′(∞) = c. (2c)
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The original problem for the Blasius equation is associated with a = b = 0, and c = 1. A theoretical analysis of the
Blasius equation was given by Weyl [2]. Later the problem was extended by Klemp and Acrivos [3] with b being a negative
number for a moving flat plate. The existence and non-uniqueness of the moving flat plate problemwas proved and further
analyzed by Hussaini et al. [4,5]. The boundary layer problem with mass transfer including injection and suction for a fixed
flat plate was discussed by Schliching and Bussmann [6], where a 6= 0, b = 0 and c = 1. It is shown that there is a certain
domain, say a > −0.8757 [6,7], for the solution existence. Vajravelu andMohapatra [8] extended themoving plate problem
with mass injection on the wall to study the drag reduction effects. The boundary conditions remain the same as those in
Ref. [3] except a < 0 for mass injection. A general discussion of this moving wall boundary layer flow was reported in a
recent paper [7], where a ∈ R (R is the real number domain), b ∈ R, and c = 1. The heat transfer problem for a moving
wall boundary layer was investigated by Fang [9]. Similar works to Ref. [7] have been published for moving wall problem
with mass transfer recently [10]. The heat transfer problem was also studied [11] for a moving impermeable wall similar
to Ref. [9]. Some interesting observations were found in the results. The problem of solution existence and uniqueness for
a ∈ R, 0 ≤ b ≤ 1, and c = 1 was theoretically analyzed by Hartman [12]. Another class of boundary layer problem for
a stretching sheet relevant to the Blasius equation was originally studied by Sakiadis [13], and the boundary conditions
become b = 1 and c = 0, with a = 0 for an impermeable plate and a 6= 0 for mass transfer across a permeable plate, where
the x-velocity is normalized by the wall stretching velocity. There are active studies in the stretching wall problems and
some recently published papers on this topic can be found [14–23]. A recent study extended the problem by investigating
the concave solutions of the Blasius equation [24]. It is shown that for a ∈ R, b ∈ R, and c ∈ (−∞, b], the Blasius equation
has one and only one solution if b ≥ 0 and c ∈ [0, b], and no solution if c < 0. The degeneracy of the Blasius equation was
also investigated in a most recent paper [25]. However, there is no investigations on the boundary conditions with a ∈ R,
b = −1, and c = 0 and the problem associated with these boundary conditions also has physical meaning in practice. In the
real physical world, for an instance, a model problem for a semi-infinite flat wall moving in a stationary fluid also frequently
occurs in our common life, which is different from the situations discussed in the literature. The problem can bemodeled by
the Blasius equation with the above-mentioned boundary conditions. On the other hand, a physical configuration different
from the Sakiadis stretching plate, namely a continuously shrinking plate into a slot with a constant velocity can also be
modeled by these boundary conditions. Recentlymore investigations in the shrinking sheet problems have started to appear
in the literature [26–31]. Due to the greatly different boundary conditions, the solution behavior for the Blasius equation
with a ∈ R, b = −1, and c = 0 would show quite different nonlinear phenomena as discussed in the following sections.
The current problem corresponds to a moving surface shrinking into a slot with constant speed in a quiescent fluid.
2. Mathematical formulation
Using the same set of governing equations [1,3], the laminar incompressible viscous flow for a moving semi-infinite flat
plate, or a flat plat continuously shrinking into a slot, in a stationary fluid with mass transfer at the plate can be described
by the Blasius equation (1) after similarity transformation with boundary conditions
f (0) = f0, (3a)
f ′(0) = −1 (3b)
and f ′(∞) = 0 (3c)
where η = y
√
Uw
2νx , u = Uwf ′(η) being the velocity in x direction, and Vw = −f0
√
νUw
2x . In these definitions, Uw is the wall
moving speed and Vw is the mass transfer velocity at the wall. The positive x points to the direction opposite to the wall
velocity. The boundary conditions, Eqs. (3a)–(3c), are greatly different from previously studied boundary conditions for the
Blasius equation. The analytical solution of Eq. (1) under BCs. (3a)–(3c) is not available. In the subsequent section, a shooting
Runge–Kutta method [1] is used to solve Eq. (1) with the boundary conditions (3a)–(3c).
By using the Crocco variable formulation [5,32], which is in terms of dependent variables like dimensionless shear stress
g(= f ′′) and non-dimensional velocity as independent variable θ(= f ′), Eq. (1) with the boundary conditions Eq. (3) can be
rewritten as
g(θ)g ′′(θ)+ θ = 0, (4)
where−1 ≤ θ ≤ 0, g ′(−1) = −f0 and g(0) = 0. Through some derivations, we can show
f ′′(0) <
1
2f0
+ f0. (5)
From another point of view, by integrating equation (1) twice, plugging the boundary conditions (3a)–(3c), and
rearranging the terms, we obtain
f ′(η)− f ′(0) = f ′′(0)
∫ η
0
e−
∫ t
0 f (ς)dςdt. (6)
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It is found from Eq. (6) that
f ′(∞)− f ′(0) = f ′′(0)
∫ ∞
0
e−
∫ t
0 f (ς)dςdt = 1. (7)
Therefore, we have f ′′(0) > 0. Because f ′′(η) = f ′′(0)e−
∫ η
0 f (t)dt , we know f ′′(η) > 0. Thus, f ′(η) is a monotonically
increasing function and −1 ≤ f ′(η) ≤ 0 for this flow configuration. Then we find that f (η) is a monotonically decreasing
function and 0 < f (η) ≤ f0. Otherwise, if f0 < 0, the right-hand side of Eq. (6) would go to infinity. Hence we know that the
solution only exists for mass suction. By plugging 0 < f (η) ≤ f0 into (7), we can roughly estimate the value of f ′′(0),
f ′′(0) < f0 (8)
which gives an estimation of f ′′(0) better than Eq. (5). On the other hand, Eq. (4) can be changed to another domain, say
0 ≤ ε ≤ 1, by defining ε = θ + 1. Integrating the equation in the new domain and substituting the boundary conditions
yield,
g2(ε)
2
+ f0αε − α
2
2
= 1
2
ε2 − 1
6
ε3 +
∫ ε
0
∫ t
0
g ′2(ω)dωdt (9)
where α = f ′′(0). Because g(1) = 0, Eq. (9) can be evaluated at ε = 1 as
f0α − α
2
2
= 1
3
+
∫ 1
0
∫ t
0
g ′2(ω)dωdt. (10)
Since f 20 ≥ g ′2 ≥ 0, it is seen that
f0α − α
2
2
>
1
3
(11a)
and
f0α − α
2
2
<
1
3
+ f
2
0
2
. (11b)
From Eq. (11a), it is obtained that
f 20 >
2
3
. (12)
Eq. (11b) is automatically satisfied for any values of α and f0. Then, we have f0 > 0.816496 · · · . Combine Eq. (11a) with
Eq. (8), we obtain that the solution should be located in the domain as follows,(
f0 >
1
3α
+ α
2
)
∩ (f0 > α). (13)
There is also a special solution for the current problem as
f (η) = 3
η +√3 (14)
which is an algebraically decaying function at f0 =
√
3. For large mass transfer parameters, define a new function as
f (η) = s+ ϕ(ω)/f0, where ω = ηf0. Substituting this function into Eq. (5) and letting f0 →∞ yield
...
ϕ + ϕ¨ = 0 (15)
with boundary conditions
ϕ(0) = 0, (16a)
ϕ˙(0) = −1, (16b)
and ϕ˙(∞) = 0. (16c)
The solution is similar to the asymptotic suction profiles as
ϕ(η) = e−ηf0 − 1 (17)
which implies that α→ f0 as f0 →∞.
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Fig. 1. Plots of the two solutions for f0 = 1.71.
Fig. 2. Relationship between f ′(∞) and α for different f0 .
3. Results and discussions
Since it is difficult to find a general analytical solution of Eq. (1) with the associated boundary conditions (3a)–(3c),
a shooting method will be used to convert the boundary value problem into an initial value problem. A fourth-order
Runge–Kutta integration scheme will be adopted to solve the relevant initial value problem [1]. The code was validated
using the previous reported values for the Blasius equation [1]. During the computation, the shooting error was controlled
less than 10−6.
An interesting example is shown in Fig. 1. There are two solutions for the givenmass suction parameter, namely f0 = 1.71,
in which dashed curves are solutions for f ′′(0) ≈ 1.14965 and the solid curves are for f ′′(0) ≈ 1.21732. Slight differences
are observed between the shear stresses and between the velocity distributionswithin the boundary layer for the two values
of α. However, the mass transfer is quite different at the out edge of the boundary layer although the two cases have the
same mass suction on the wall. For a large enough mass suction parameter there is only one solution, which is shown in
Fig. 2. The plots of f ′(∞) versus different shooting values of α for different mass transfer are depicted in the figure. The
intercept points of the curves to the horizontal axis f ′(∞) = 0 are the solution points for this problem. It is found that
when f0 = 1.70, there is no solution, and two solutions for f0 = 1.71. When f0 = 1.74 and f0 = 1.76, there exists only one
solution. What differs from the behavior of the Blasius equation with other boundary conditions [1,3,6,7,13] is the existence
of break points in the curves of f ′(∞) versus α for specific mass suction parameters.
Interesting phenomena are observed in the plot versus η. The plots of f (η), f ′(η) and f ′′(η) are illustrated in Figs. 3 and
4 for α = 1.10, 1.15, 1.25, and 1.40 under f0 = 1.76. There exist ‘‘bumps’’, namely the function is not monotonically
decreasing, for f ′′(η) at certain η when α = 1.10, 1.15, and 1.25, and the ‘‘bumps’’ make f ′(η) suddenly increase and cross
the zero-value line. These ‘‘bumps’’ are mainly due to the negative values of f (η). From Eq. (1), it is seen that f ′′′ = −ff ′′.
We also show that f ′′(η) ≥ 0. When f < 0, f ′′′ > 0, and f ′′(η) will increase, leading to the value of f ′(η) crossing zero
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Fig. 3. Results of f (η), f ′(η) and f ′′(η) for α = 1.15, 1.25 with f0 = 1.76.
Fig. 4. Results of f (η), f ′(η) and f ′′(η) for α = 1.10, 1.40 with f0 = 1.76.
point, say from negative to positive. Positive f ′(η)makes f (η) continuously increase. After a certain interval of η, f (η) will
become positive again, making f ′′(η) decrease till zero. These observed ‘‘bumps’’ make the shooting method more difficult
to search the solutions of the Blasius equation for different parameters under the current boundary conditions. However, the
behavior for α = 1.40 at f0 = 1.76 is different from the above-mentioned observations. For this case, f ′′(η) is monotonically
decreasing to zero, which is similar to the results for a stretching flat plate in a stationary fluid [13]. There is no negative
f (η) for this situation. For f0 = 1.70 when we take α = 1.10, 1.15, 1.25, and 1.40, the variation behavior of f (η), f ′(η) and
f ′′(η) are different from the cases of α = 1.10, 1.15, and 1.25 at f0 = 1.76 but similar to the result of α = 1.40 for f0 = 1.76.
The plots of f (η) for f0 = 1.70 are shown in Fig. 5. It is found that f (η) is always positive for the whole domain of η.
As shownbefore, there are two solutions for a certainmass suction parameter, i.e., two values ofα satisfying the boundary
conditions. Another interesting finding is that there are also two solutions for a certain α, i.e., two f0 satisfying the boundary
conditions under certain conditions, as shown in Fig. 6 for α = 1.15. The solution profiles for α = 1.15 are shown in
Fig. 7, and the mass suction parameters are f0 = 1.709655 and f0 = 1.729266 for the two solutions, respectively. The
velocity distributions and shear force distributions across the fluid are similar for the two solutions. While themass transfer
behaviors are quite different, resulting in a lower mass transfer at the out edge of the boundary layer for large mass suction
parameter at the wall, which is unexpected from the common sense. There is no solution when α = 1.10, and one solution
at α = 1.25.
The solution domains for this flow are shown in Fig. 8. It is seen that there are three different solution zones divided
by two critical mass transfer parameters, f01 ≈ 1.7028 and f02 ≈ 1.7324. When f0 < f01, there is no solution for this
problem, multiple solutions for f01 < f0 ≤ f02, and one solution when (f0 = f01) ∪ (f0 > f02). When the mass suction is
large enough, there is only one solution and the dimensionless wall drag is increasing with the increase of the mass suction
parameter.When themass suction is sufficiently large, the solution becomes a purely exponential function as the asymptotic
suction velocity profile. The values of f (∞), which is corresponding to the vertical velocity component at the out edge of the
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Fig. 5. Results of f (η) for α = 1.10, 1.15, 1.25, 1.40 with f0 = 1.70.
Fig. 6. Plots f ′(∞) versus f0 for different α.
boundary layer, for each relevant f0 are also illustrated in Fig. 8. It is found that there is a certain region, say in the multiple-
solution region, the vertical velocity at the out edge of the boundary layer can decrease with the increase of mass suction
at the surface, which is different from what we expected. For this case, the vertical velocity at the out edge of the boundary
layer is
V∞ = −f (∞)
√
νUw
2x
. (18)
It is also found from the plots that solutions terminate at a certain point, which is exactly the algebraically decaying
solution as shown before. The solution behavior becomes muchmore complicated when it is close to the terminating point.
The observation is similar to some recently published results for an axi-symmetrically shrinking sheet by Miklavcic and
Wang [26]. It is expected that there are possibly infinite number of solutions when the solution curve approaches to the
terminating point. The solution curve passes f0 =
√
3 infinite times as it approaches to the point f0 =
√
3 and f (∞) = 0.
At the same time, for the shear stress, the solution curve approaches to the terminating point as a spiral and terminates at
f0 =
√
3 and α = 2√
3
. This solution domain is quite different from the Skiadis stretching sheet problem and the Blasius fixed
or moving plate problem in the presence of a free stream [7,10,11]. For the mixed Sakiadis and Blasius problem, there are
two solutions for a certain regions with wall movement opposite to the free stream. For the current problem, the problem
is normalized by the wall shrinking velocity and the only parameter controlling the solution behavior is the mass suction
parameter at the wall. As shown in Fig. 8, the solution domain change behavior is totally different from the solution domain
obtained in the references for the mixed Sakiadis and Blasius problem [7,10,11], where the controlling parameter for the
multiple solutions is the wall moving parameter, not the mass transfer parameter.
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Fig. 7. The two solution profiles for α = 1.15.
Fig. 8. The relationship between mass transfer parameter, f0 , and wall drag parameter, α as well as f (∞).
From the point of view of physics, for this flow configuration, there are certain mass suctions resulting in different
wall-shear forces for multiple solution regions. On the other hand, a certain shear force can be resulted from different
mass suction parameters as shown in the upper plot of Fig. 8. Especially, when the solution approaches the terminating
point, infinite solutions exist in the region. The feasibility of this mentioned behavior is not clear for a real physical flow.
Experimental works are necessary to verify the above observations. Further theoretical investigation on the solution domain
is also necessary, especially on the solution behavior close to the terminating point.
4. Conclusion
In this paper, a new solution branch of the Blasius equation with different boundary conditions was found and studied.
The solution is associated with practical problems for a flat plate continuously shrinking with a constant velocity into a slot
in a stationary fluid with mass transfer at the plate. It is shown that the solution only exists for mass suction greater than a
critical value. Interesting behaviors of the Blasius equation were observed for the current boundary conditions. There is an
analytical algebraically decaying solution problem at f0 =
√
3 and α = 2√
3
, which is also a terminating point of the solution
domain. Numerical results showmultiple solutions, namely more than two, for certain mass suction parameter values. This
occurs when the solution domain is close to the terminating point and it is expected that there are possibly infinite number
of solutions when the solution curve approaches to the terminating point. When the mass suction is large enough, there is
only one solution and the dimensionless wall drag is increasing with the increase of mass suction parameter. The current
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solution is greatly different from the Sakiadis stretching plate problem and the Blasius fixed or moving plate problem in a
free stream. The current finding greatly enriches the solution family of the celebrated Blasius equation.
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